In this paper, we prove and develop a conjecture on the generalized double Papenfuss-Bach inequality proposed by Sun and Zhu [Z. Sun, L. Zhu, J. Appl. Math., 2011 (2011), 9 pages]. In the last section we pose a conjecture on a general form of Papenfuss-Bach-type inequality.
Introduction
Papenfuss [18] proposed an open problem described as follows. Ge [5] obtained a lower bound of the above inequality as follows. Sun and Zhu [17] gave the better bounds for Papenfuss-Bach inequality above as in the following statement. Theorem 1.4. Let 0 < x < π/2. Then 2π 4 3 x 3 + 8π 4 15 − 16π 2 
holds, where 8π 4 /15 − 16π 2 /3 and 256/π 2 − 8π 2 /3 are the best constants in (1.1).
By using an automated proof of mixed circular inequalities, Malesevic and Markagic [12] proved Problem 1.5 while Chen and Paris [4] also affirmed Problem 1.5 using a series representation of the remainder in a different expansion for the function x sec 2 x − tan x .
The first purpose of this paper is to show a simple proof of the double inequality (1.1), the second objective is to extend the above conclusions and give further results as follows. holds for all x ∈ (0, π/2), where the lower and upper bounds are sharp.
This paper utilizes the series expansions of certain functions, the properties of Bernoulli numbers, and the relationship between Bernoulli numbers, to achieve the above described. In the last section we pose a conjecture on a general form of Papenfuss-Bach-type inequality.
Lemmas
Lemma 2.1 ([3] ). Let a n and b n (n = 0, 1, 2, · · ·) be real numbers, and let the power series A(x) = ∞ n=0 a n x n and B(x) = ∞ n=0 b n x n be convergent for |x| < R (R +∞). If b n > 0 for n = 0, 1, 2, · · ·, and if ε n = a n /b n is strictly increasing ( or decreasing ) for n = 0, 1, 2, · · ·, then the function A(x)/B(x) is strictly increasing (or decreasing) on (0, R) (R +∞).
Lemma 2.2 ([1]
). Let B 2n be the even-indexed Bernoulli numbers. Then
Lemma 2.3 ([16]).
For n ∈ N, Bernoulli numbers B 2n satisfy
Lemma 2.4. Let B 2n be the even-indexed Bernoulli numbers, we have the following power series expansions
hold for all x ∈ (−π/2, π/2).
Proof. The power series expansions (2.2) can be found in [6, 1.3.1.4(3)]. By (2.2), we have
Solving Problem 1.5 in a simple way
Let
Then we can write h (x) as
Expanding h i (x) (i = 1, 2) in power series yields
where
By Lemma 2.1, to prove h(x) is decreasing on (0, π/2), it suffices to prove {u n /v n } n 3 is decreasing, which is equivalent to
for n 3. To this end, we write w n as
Using the left-hand side inequality in Lemma 2.3 and the right-hand side one in Lemma 2.2 we give
s n , where
The facts that s 5 = 2092034π 4 − 203243616 > 0 and
for n 3 reveal that s n > 0 for n 5, which implies that w n < 0 for n 5. A simple check shows that
4 − 224π 2 + 560 < 0,
6 − 1377π 4 + 15120 < 0, which proves the decreasing property of h(x) on (0, π/2). In view of
we conclude that
which proves the desired inequalities.
The Proof of Theorem 1.6
We first consider the function Expanding in power series gives 
which yields
We now prove a n 0 for n 3. A check leads to a 3 = 0,
6 − 31π 10 + 1451520 < 0.
For n 6, application of the right-hand side inequality of (2.1) gives
It is easy to verify that b n satisfies the recurrence relation b n+1 − 4b n = 1440n + 6π 6 − 7680 > 0 for n 6. This together with b 6 = 4094π 6 − 3932640 > 0 indicates that b n > 0 for n 6. It then follows that a n < 0 for n 6, which proves f (x) < 0 for x ∈ (0, π/2). Since 
It is easy to see that 
We now prove c n 0 for n 3. A check leads to c 3 = c 4 = 0, and
For n 6, using the left-hand side inequality of (2.1) one can obtain
Applying the same method to b n we can prove that d n > 0 for n 6. This leads to g (x) > 0 for x ∈ (0, π/2). Since Remark 4.1. Theorem 1.6 can be proved using the methods and algorithms proposed in [12] and [7] . Some of the open problems have been proved by these methods in [9] and [10] .
A Conjecture
In the last section we pose a conjecture as follows.
Conjecture 5.1. Let x ∈ (0, π/2), N be a natural number, B 2n be the even-indexed Bernoulli numbers, and for n = 1, 2, · · · : Obviously, the cases N = 1 and 2 in Conjecture 5.1 give Problem 1.5 by Sun and Zhu [17] and Theorem 1.6 respectively.
Remark 5.2. We put forward a preliminary idea that one can try to use the Key theorem in Wu and Debnath [19] to complete the proof of the conjecture because we find that recently using this Theorem Wu-Debnath an improvement in the number of inequalities was obtained [8, 11, [13] [14] [15] .
